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Abstract. The dimensions of the symmetry classes of tensors associated with
the projective special linear group of degree 2 over a field witlements,
PSL,(g), are found. Of course we will assunieS L,(g) as a subgroup of the
symmetric grougs, .1 because this group has a faithful action on the points of
the underlying projective space. We also discuss the non-triviality of the sym-
metry classes of tensors associated with each irreducible chara£t&iefq).
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1 Introduction

Let V be ans-dimensional vector space over the complex fi€ldLet Q' V
be ther-th tensor power oV and writev; ® - - - ® v, for the tensor product
of the indicated vectors. To each permutationn the symmetric grougs;
there corresponds a unique linear operd¢r): @V — ®'V determined by
Po)(1®- - Q) = V,-111) ® - - - ® Vs-1(). LET G be a subgroup aof; and let
I1(G) be the set of all the irreducible complex character& oft follows from
the orthogonality relations for characters that

(1)
)l‘Tl Y x©)Po): x € 1(G)
oeG
is a set of annihilating idempotents which sum to the identity. The image of
®'V underT (G, x) is called thesymmetry class of tensaassociated witliz
andx and it is denoted by’ (G). It is well-known that

T(G,x):QV —>QV|TG,x) =
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dimV}(G) = %lﬁ Z x (0)s@ (1)
oeG

wherec(o) is the number of cycles, including cycles of length one, in the
disjoint cycle decomposition ef (see [7]).

LetI"! be the set of all sequences= (a1, ..., o) With1 < o; <5, SO iS
a mapping from a set afelements into a set afelements. Then the group
actson™; byo - o = (05103, . . ., @5-1(1y) Whereo € G is a permutation on
letters andv € I'! is a mapping from a set efelements into a set efelements.
Therefore the action may be written @s « = ao ~! which is a composition
of two functions. LetO («) = {0 - a|o € G} be theorbit with representative
o, also letG, be thestabilizerof «,i.e.,G, ={oc € G| 0 -a = a}. Let A be
a system of distinct representatives of the orbit&aicting onl': and define

A= {oteA‘ Z X(a);ﬁO} .
oeGy
Let{es, ..., es} be abasis o¥. Denote by the tensoff' (G, x)(e, ® -+ ®
eq). Fory e A, Vi ={(e;, |0 € G) is called theorbital subspacef V;(G).
It follows that

ViG) =PV )
yeA
is a direct sum. In [4] Freese proved that
1
dimv; = X2 3 50y (3)
Gyl oeG,

but the above formula can be written as

dimVv; = x@ (x g, 1Gy)Gy : (4)

If there existsy e T for which (x |¢,.1¢,), # O, then we have
dim V> > 0. Therefore by (2) we havi, (G) # 0. So to show the non-trivial-
ity of the vector spac&, (G), it is enough to show that there existe I'; for
MH“Ch(X ¢GV’1GV)GV # 0.

Several papers are devoted to calculating #i0G) in a more closed form
than (1). Cummings [1] in the case thattis a cyclic subgroup of; generated
by a cycle of length gives a formula for dinV, (G). In [5] the case whei
is a dihedral group of order 2s considered and a formula is given wh@ris
equal to the whole groug in [8] and [9]. Also in [10] a formula for calculating
dimV (G) inthe case thaG = (1) - - (7,) and in [2] forG = (71 - - - 7)) is
given, wherer;, 1 < i < p, are disjoint cycles ir$;.

In this paper we compute diivy (G) for the projective special linear group
of degree 2 over a field witlh elements, namely we |t = PSL(q), whereg
is a power of a prime number. We also discuss about when these vector spaces
are nonzero.
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2 Projective Special Linear Group

The special linear group of degree 2 is denoted by(g), whereq = p" and
p is a prime number ana is a nonnegative integer. The character table of this
group wherp = 2 or p is an odd prime is given in [3]. We use these characters
with the same name as in [3].

It is well-known that, if N <« G andx is a character of; with N C ker x
and if x is a function defined by (gN) = x(g), theny is a character of
G/N. Conversely ify is a character of5/N, then the functiony defined
by x(g) = x(gN) is a character of; having N in its kernel. In both cases
x € I(G), N C kery, if and only if x € I(G/N), (see [6]). Since the
projective special linear group of degree@,= PSL,(g), whereq = p", p
is a prime number; is a nonnegative integer, is a quotientdt,(g), we can
compute the character table 6f= PSL,(q). These are given in Tables 1, 2
and 3.

Itis well-known thatG = P SL,(q) acts faithfully and 2-transitively on the
g + 1 points of the projective lin& and so we can assume titat= PSL2(q)
is a subgroup of, 1, thereforer”(G) is meaningful for any € 1(G) and
we want to compute the dimensions of these vector spaces fgrgillen in
Tables 1, 2 and 3. By formula (1), to do this, we need to know the permutation
structure of the elements 6f.

Now we want to obtain the permutation structure of each element of
G = PSLj(q) as a subgroup of,1, but since elements in the same con-
jugacy class have the same permutation structure, we obtain the permutation
structure of a representative from each conjugacy class of elemegits of

Forg € G, letfix(g) ={i |1 <i <g+1,g(G) = i}. Thend defined
by 6(g) = |fix(g)], g € G, is the permutation character 6facting on the set
of points. SinceG acts 2-transitively on the set of points, it is well-known that
v G — Cdefined byv(g) = [fix(g)] — 1, g € G, is an irreducible character

of G, (see [6]). Inthe cas€é = PSL»(q); q is 0odd,g 2 1; v is equal to one of
the irreducible characters in Table 1. Sind¢—1, I}1) = (¢ +1) —1=gq,v
must be equal tg/, solfix(g)| = 1+ ¥ (g), g € G, from which we obtain the
Ifix(g)| row in Table 4. In the other cases we obtain fe(g)| row in Table

5 and 6. Therefore usinix(g)| row ando(g) row in Tables 4, 5 and 6, we
obtain the permutation structure of element&;o0&= PSL,(q). Perhaps a few
words may be necessary to explain the cycle structure of elemeRtSIof(g).
We use [3] for the matrix shapes @f b, ¢ andd as they appear in Tables 4, 5

and 6. In the cas& = PSLy(g); g is odd,q 2 1; if an elementc has order

r andr is a prime number then all the non-trivial cycles appearing in the cycle
structure ofx must have length from which the cycle structure ¢f-1, 7}c,

{1, 1}d and{—1, I}a'9~Y/4 that have orderp, p and 2 respectively follows.
For {—1, I}a' we note that{—1, I}a has two fixed points and two cycles of
length(¢ — 1) /4. Now according to the properties of permutations we can find
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Table 3. The character table @ = PSL»(q); g iseveng = 2"; |G| = q(¢®> — 1)

g {1}1 {I}c {I}a! {1}p"
1(9)] 1 *—1 q(ql+ 1 q(q - 1)
— q+
o(g) 1 2 TaD natD
1c 1 1 1 1
¥ q 0 1 -1
Xi g+1 1 pll+ p! 0
0; g-1 -1 0 —(oim+ g=im)
1<i<(@-2)/2, 1<i<(q-2/2, p=eV Tl
1<j<q/2, 1<m=<gq/2, o = eVt

(G =2+5+4=q+1

the cycle structures of powers pf 1, I'la. The elemenf—1, I}b is a Singer-
cycle and consists of only one cycle and the cycle structures of its powers is
clear. The discussion is similar in the other cases.

3 On the Dimensions of Symmetry Classes of Tensors Associated
with G= PSLx(q)

As we remarked earlier the group = P SL,(g) acts faithfully on the set of

the one-dimensional subspades of V,(g). Therefore we regard as a sub-
group of the symmetric group on tlge+ 1 letters and find the dimensions of

the symmetry classes of tensors associated with each irreducible character of
G. Note that the names of the irreducible character6 et PSL,(g) are as
indicated in [3]. In the followinga, b) denotes the greatest common divisor of

a andb; andp ando are primitive(q — 1)th and(g + 1)th roots of unity inC
respectively.

Theorem 1 LetG = PSLy(q) as asubgroup af,1; whereg isodd,g = p",

q 2 1, and letV be ans-dimensional vector space over the complex field
Then we have the following formulae for the dimensiorV}ﬁTl(G) where
x € 1(G).

dim v{(G) = |:sq+1 + (g2 - pst

q(g?>—1)
(g—5)/4

1
+alq+1) Y s*EIIE 4 Sq(q + s
=1

(g-1)/4
+q(@—1) Z s2(m,(f1+l)/2)i| ,

m=1
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Table 6. The permutation structure of elements of the gréup= PSL,(g) < S;41; g iS even,
q=21Gl=q@* -1

g {111 {I}c {I}d' {ryp"
€3] 1 °—1 q(gl+ 1 q(qH— 1
Tf'(g() )| 1 1 i (l?qfl) (mq.qul)
IX(g q+
per. stru. ofg 1+t 120 ? (17;—11) e <m7;ri1) R
1<i<(q-2)/2
l<m<gq/2
2 (g—5)/4
dimvIti(G) = g g+ Y $PHAED2)
¥ q2 -1 L
1 (g-1/4
+§ﬂq+bﬂﬁ®ﬂ—q@—1)}:swﬂﬁwa},
m=1

dim V)ZJrl(G) = |:(C] + 157t 4 (q2 _ 1)s1+1’"_1

q(qg—1)
(q-5)/4

+(](C]+1) Z (pil+p7il)s2+2(l,(qfl)/2)
=1

1 . _
+ EQ(Q + 1)(,0‘("_1)/4 + p—l(ti—l)/4)s(q+3)/2i| ’
i=2,4,6...,(q—5)/2

d|m Vgi—i_l(G) = |:(q _ 1)S({+1 _ (q2 _ 1)S1+p"71

q(g+1
(g=1/4
—qq =1 ) @+ a—-"'">s2<m~<q+1>/2>] ,
m=1

j=24,6,....,(¢g—1/2

1 1 1 -
dmvittGe) = —— | = D9+l 4 (g2 — 1)s1+P
a (G) 7Y 5@+ s+ S(@* = Ds
(g—5)/4
+q(g+1) Z (_1)ls2+2(l,(q—1)/2)
=1

+ (_1)(4—1)/4%q(q + 1)S(q+3)/2:| ’
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1 1 n—1
dimvi™tG) = ———| = 15t + Z(g% — Dstt?
e (G) G -1 5@+ Ds"+ (" = Ds
(¢—5)/4
+ q(q + 1) Z (_l)ls2+2(l,(q—l)/2)

=1
+ (_1)(4—1)/41'(1((] + 1)S(q+3)/2:| )
2

Proof. It is clear that ifr is a cycle of length: and (a, k) = d, thenz* has

d cycles of lengthu/d, thereforec(n¥) = d = (a, k). Now the permutation
structure of the elements @@ = PSL»(¢) when acting on thg + 1 one-
dimensional subspaces are found in Table 4 and from formula (1) the theorem
follows. Note that in any casBSL,(g) acts 2-transitively on the + 1 pro-
jective points and its permutation charadieis given byd = 1+ . In fact

0(g) = 1+ ¥ (g) is equal to the number of points left fixed ye PSL2(q)

which can be computed from Table 1 and which is indicated kigfix O

Similar to the above, we obtain Theorem 2 and 3 below.

Theorem 2 LetG = PSL,(q) asasubgroup a$,1; whereg isodd g = p”,

q 2 3; and letV be ans-dimensional vector space over the complex field
C. Then we have the following formulae for the dimensiovrﬁfl(G), where
x € 1(G).

dim Vi ™Gy = — > [wl + (g2 — Dyt
to q9(q> =1
(q—3)/4
Falg D Y 2D
=1
(q—3)/4 1
1 2mg40/2 4 Lo 0 pysave]
+qg—1 > s +549(q = Ds

m=1

dimv{*(G) =

qsq+1+q(q+1) Z s2+2(l,(q71)/2)

[ (g—3)/4
=1

q*—1

(q-3)/4 1
—q(g -1 Z §2m.(q+1)/2) _ Zq(q — 1)S(q+l)/2:|
2

m=1

q(g — 1

@-3/4 '
+q(g+1) Z (ptl+ptl)s2+2(l,(ql)/2)] ’
=1

i =246, ..., (q—3)/2
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dim V;{™(G) = [(q — DsTH - (g2 = D=

q(q +1)
(q—3)/4
—q(g—1) Z (0™ 4 g —imyg2m.(a+1)/2)
m=1

= }q(q — 1) (ol @tV 4 5 (‘1+1)/4)s(q+1)/2:|
2 b

i=24,6,...,(q—3)/2

1 1 n—1
dmVatiG) = — | Z(g — Ds9tt — Z (g% — 1)sit?
5 (G) q(q+1)[2(q )s > )s
(g—3)/4
—q(g—1) Z (—=1)ms2m(a+D/2)

m=1

+ (_1)(q+5)/41'q(q _ 1)s(q+1)/2]
2 9y

1 1 1 =)
dmVitiG) = — = | Z(g — D)si7t — Z (g2 — 1)sL+7"
im V2 (G) q(q+l)[2(q )s 2(q )s
(g—3)/4

—qlg =1 Y (=g
m=1

+ (_1)(q+5)/41'q(q — 1)S(q+l)/2] .
2

Theorem 3 LetG = PSLy(g) asasubgroupdf,,1; whereg iseveng = 2";
and letV be ans-dimensional vector space over the complex fieldhen we
have the following formulae for the dimensionwl(G), wherey € I1(G).

dim ijl(G) = |:sq+l 1 (g% — 151212

q(q? -1
(g—2)/2

+q(g+1 Y sCaD
=1

q/2
+q(q -1 Zs(’"””l)} ,

m=1

dimv{*(G) =

(¢=2)/2
[qsq“ +qlg+1 Y P

2 _
1 1 =1

q/2
—q(q -1 me} ,

m=1
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dim VITH(G) = [(q + D)1 4 (g% — 1)s@tD2

q(¢ =1

@-2/2 '
+alq+1 ) (p”+p—”)s2+“~q—1>} :
=1

i=12....(q—2)/2

dim Vg‘{_“(G) = {(q _ 1)s7HL (g2 — 1)5@+2/2

q(g+1
q/2 . _

—a@ =D (" + of’")s“""f“’},
m=1

j=12,...,q/2

4 On the Vanishing of Symmetry Classes of Tensors Associated
with G=PSLy(q)

In this section, we discuss the question of when the symmetry classes of tensors
associated witlli, = PSL,(g) are nonzero vector spaces. If dim=s = 1,
thenitis clearthatforaly, x € 1(G)—{1s}, Vi ' (G) =0 andeG“(G) £ 0.
Therefore we deal with the case dim= s = 2 in the following theorem.

Theorem 4 ConsiderG = PSL>(q) as a subgroup of,,1 and letV be a
vector space over the complex fiéldsuch thadimV = s = 2.

@ Ifgisodd ¢ = p", g = 1; thenforallx, x € I(G) — {xi, 1. & |
2,4,....(q —5)/2:i =2}, we havev{ 1 (G) # 0. Additionally ifg
thenV/*(G) # 0and VI (G) # 0,

(b) If gisodd ¢ = p", g = 3; then forally, x € I(G) — O,n.m21j=
2.4,...,(q—3)/2; j =0}, we haveV! ™1 (G) # 0. Additionally ifg L3
thenV i (G) # 0and VLTH(G) # 0,

() Ifgiseveng = 2"; thenforallx, x € I(G) —{6; | 1 < j < q/2}, we
haveVy{™(G) # 0.

Proof. Lety =(1,1,2,2,...,2) € I‘g” and consider the action @f on the
set of 2-subsets @ consisting of they + 1 points;2!2). This action is transitive
and letG ), @ C Q,|Q| = 2, denote the setwise stabilizer Qf It is easy
to see thatG,, = G- By Frobenius reciprocity we hawg |¢,, 16,)c, =
(x, 16, 19)¢. Butls 19= 16, 10= £ is the permutation character 6f
acting onQ?. So

1 =
8
=1,

(x V6,,16,)6, = (X-8)c 5)
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whereé (g) is the number of 2-subsets ©ffixed by g. Considerg as a permu-
tation on<2 and recall that the permutation characteGobn €2 is denoted by
0. Therefore there ar€'’) subsets of2 of size 2 which are fixed by setwise.
A simple calculation shows that there ér(eé) (g%) —0(g)) cycles of length 2 in
the cycle structure of and therefore the total number of 2-subsetS2dixed

by g is

0 6(g%) — 6 1
e = (") + 220D _ 2 (90121 0e2) — b0e)
2 2 2
Using Tables 4, 5 and 6 we computed the valueg afhich are given in
Tables 7, 8 and 9.
If ¢ 2 1, then the following decomposition éfis computed using Tables
land?7,

Il e

1G+2w+22x,+2x,+29 +é&+& ifg=1,
10 i odd
£ =
1G+21ﬂ+22)<,+ > X,+ZG otherwise .

iZo i odd

Therefore by (5)if € 1(G)—{xi, &1, & |i = 2,4, ..., (q—5)/2; i = 2}, then
(x Yo,.1¢,)e, # 0 and soVi™(G) # 0, additionally ifg = 1, then

Table 7. G = PSLa(q); qisodd,g = p",q = 1

g (—=I1,1}11 (=1, I}c {(=1,1}d {=I1,1}d {=I I}a9Y* (-1 I}b"
ICe(®)l  39(¢*—1 ¢ q 2@-1) g¢g-1 3@+1
0(g) g+1 1 1 2 2 0
£(g) 39q+1) 0 0 1 3@+1 0
§'(g) q(g+1) 0 0 2 2 0

I=12,..., (g—5/4
m=12 ..., (g—1)/4

Table 8. G = PSLy(q); qisodd,g = p",q = 3

g (-1,1}1 (=1,I}c {(=I,I}d {-I1,1}d {=1,1}b" {—I, I}b9tV/4
ICe(®)]  39(¢*—1 ¢ q 1g-1H i@+ gq+1

0(g) qg+1 1 1 2 0 0

£(g) g+ O 0 1 0 3@+1
§'(g) q(q+1) 0 0 2 0 0

1=12,..., (g—3)/4
m=12 ..., (g —3)/4




248 M. R. Darafsheh, M. R. Pournaki

Table 9. G = PSLy(q); g iseveng = 2"

8 {131 {I}c {I}d' {r}p™
ICs(8)] q(@* -1 q g—1 g+1
0(g) g+1 1 2 0
£(g) 19(¢+ 1) 39 1 0
&'(g) q(q +1) 0 2 0

1<l<(@-2)/2
l<m<gq/2

& 6, 16,)6, # 0 and(& lg,.1g,)e, # 0 and soV{™(G) # 0 and
ViHG) #0.

Furthermore, using Tables 2 and 8 wh,eé 3 we are able to decompose
& as follows,

. 8
1G+w+le+229 + Y 0+m+n fqg=3,

]2 J odd
£ =
1G+w+le+229+20 otherwise .
]2 J odd

Therefore by (5) ify € 1(G) —{0;, 1. n2 | j = 2.4, ....(q —3)/2; j = O},
then(x 4o, 1¢,)¢, # 0 and sovy™(G) # 0, additionally if¢ = 3, then
m d6,.16,)6, # 0 and(n2 L, 16,), # 0 and soV;i™(G) # 0 and
Vi H(G) # .

Also if g is even, then by Tables 3 and 9 we have

E=lo+v+) X

Therefore by (5) ify € 1(G) —{0; | L < j < q/2},then(x {¢,.1c,)c, #0
and soV{ ™ (G) # 0. O

Theorem 5 ConsiderG = PSLy(q) as a subgroup of,,; and letV be a
vector space over the complex fiéld such thatdimV = s > 3. Then for all
x, x € 1(G), we haveV{ " (G) # 0.

Proof. Firstwe assumethatdii = s = 3.Lety = (1,2,3,3,...,3) e F§+1
and consider the action @f on the set of ordered pairs of points@fnamely
Q. This action is transitive and Ief . Q € Q, Q| = 2, denote the point-
wise stabilizer of2. ThereforeG, = G 4,. By Frobenius reciprocity we have
(X b6, 16,6, = (x> 1a, 196 But 1g, 19= 15, 19= &' is the permuta-
tion character o5 acting onQ®. So
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(x g, 1GV)GV =(x.&)¢ (6)

where&’(g) is the number of ordered pairs fixed lgyand so using similar
techniques as in the previous theorem we get

0(g)

£'(g) = 2( 2

) =0(8)*—0(g) .

We computed the values éf in Tables 7, 8 and 9. Using these tables and the
character table off = PSL,(g) we obtain

E=1c+30+2) xi+2) 0 +a+& .
i J

wheng 2 1 and therefore by (6) ik € 1(G), then(x l¢,.16,)c, # 0 and
soVITHG) #0. If g = 3, then

E=1+30+2) xi+2) 0j+m+nz .
i J

Therefore by (6) ify € 1(G), then(x l¢,.1s,)¢, # 0and son“(G) # 0.
If ¢ is even, then

E=lo+20+) xi+Y 0
i j

Therefore by (6) ify € 71(G), then(x {¢,,1s,)c, #0and soV)?H(G) #0.
So we proved that if din¥ = s = 3, thenV{"1(G) # 0, for all x, x € 1(G).
Now we assume that divi = s > 4. In this case if we consider =
(1,2,3,4,4,...,4) e '™ then by Tables 4, 5 and 6 the elements5ofex-
cept the identity, fix at most 2 points & and soG,, is the trivial subgroup of
G,i.e., G, = {1}; therefore for ally, x € 1(G), (x lc,.16,)6, = x(1) #0
and soV{ ™ (G) # 0. O
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